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Abstract. In this letter we derive the Seiberg-Witten map for non-
commutative super Yang-Mills theory in Wess-Zumino gauge. Fol-
lowing (and using results of) hep-th/0108045 we split the observer
Lorentz transformations into a covariant particle Lorentz transfor-
mation and a remainder which gives directly the Seiberg-Witten
differential equations. These differential equations lead to a θ-
expansion of the noncommutative super Yang-Mills action which
is invariant under commutative gauge transformations and com-
mutative observer Lorentz transformation, but not invariant under
commutative supersymmetry transformations: The θ-expansion of
noncommutative supersymmetry leads to a θ-dependent symmetry
transformation. For this reason the Seiberg-Witten map of super
Yang-Mills theory cannot be expressed in terms of superfields.
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1 Introduction
The simplest model for noncommutative space-time is the so-called noncommutative R4
characterised by a ⋆-product involving a constant antisymmetric tensor θ. Field theories
on such a deformed space-time became recently very popular, mainly due to their relation
to string theory1 and the possibility to perform similar calculations of Feynman graphs as
on usual commutative space-time. It turned out that field theories which are renormalis-
able in the commutative world are in general not renormalisable2 (at any loop order) on
noncommutative R4.
One may ask then whether expanding the ⋆-product in θ improves the renormalisabilitya.
If the action of the field theory has a symmetry on noncommutative level, the θ-expanded
symmetry transformation will, in general, mix the orders of the θ-expanded action. A
remarkable result due to Seiberg and Witten1 was that for gauge theories on noncommutative
R
4 there exists a change of variables such that the θ-expansion of the gauge transformation
in the new variables preserves the order in θ. In other words, each θ-order of the expanded
action is individually gauge-invariant in the new variables, and one effectively obtains a
commutative gauge theory coupled to a constant external field θ.
This change of variables can be traced back5 to a deeper discussion of Lorentz
transformations6: In presence of θ one has to distinguish between ‘observer Lorentz transfor-
mations’, which transform θ as a Lorentz two-tensor, and ‘particle Lorentz transformations’,
which leave θ invariant. It turns out that observer Lorentz transformations are symmetries
of the theory whereas particle Lorentz symmetry is broken. Being (in principle) an ob-
servable, the breaking of particle Lorentz symmetry must be gauge-invariant5. This is not
automatically the case and demands a covariant redefinition of the splitting of the observer
Lorentz transformation into particle Lorentz transformation plus θ-transformation, which is
governed by the Seiberg-Witten differential equations.
It is clear from the construction that the change of variables is tailored to gauge symme-
try. If the action has a second symmetry (apart from Lorentz symmetries), it is interesting
to know whether this symmetry is θ-diagonalised at the same time with the gauge symmetry
or not. As we show in this letter, supersymmetry (regarded as a transformation of the com-
ponents of a noncommutative super vector field in Wess-Zumino gauge) is not diagonalised
at the same time with gauge symmetry. This does not mean that supersymmetry is lost after
the Seiberg-Witten map, it is merely not diagonal in the θ-order. It would be interesting
to search for a change of variables which θ-diagonalises the supersymmetry transformations
and in turn produces θ-expanded gauge transformations which mix the θ-orders. This will
be done elsewhere. We stress that the change of variables is unphysical anyway. The fields
become dummy integration variables in the path integral, and the change of variables merely
changes the measure of integration, which at first order in θ is a field redefinition also on
quantum level7.
The letter is organised as follows. We derive in Sec. 3 the Seiberg-Witten differential
equations (which govern the change of variables) of super Yang-Mills theory via a covariant
splitting of the observer Lorentz transformations (recalled in Sec. 2) into particle Lorentz
transformations and a remainder, using the splitting5 for the gauge field as the starting point.
The Seiberg-Witten differential equations lead to a θ-expansion of the noncommutative su-
aIn spite of encouraging preliminary results3, it was shown that θ-expansion does not help4.
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per Yang-Mills action in terms of fields living on commutative space-time, see Sec. 4. This
θ-expanded action is automatically invariant under commutative gauge transformations and
commutative Lorentz transformations. It is however not invariant under commutative super-
symmetry transformations. Instead, the θ-expansion of the noncommutative supersymmetry
transformation yields a symmetry transformation of the θ-expanded action which extends
the usual supersymmetry transformations by terms of order n ≥ 1 in θ. This result implies
that the Seiberg-Witten map for super Yang-Mills theory cannot be expressed in terms of
superfields. Some comments on superfields are given in Sec. 5.
2 The noncommutative super Yang-Mills action and its symmetries
The noncommutative N=1 super Yang-Mills action is in the component formulation defined
by
Γ =
∫
d4x tr
(
−
1
4
Fˆ µνFˆµν + iλˆ
aσ
µ
aa˙Dˆµ
ˆ¯λa˙ +
1
2
Dˆ2
)
, (1)
where
Fˆµν := ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν ]⋆ , (2)
Dˆµ
ˆ¯λa˙ := ∂µ
ˆ¯λa˙ − i[Aˆµ,
ˆ¯λa˙]⋆ . (3)
Some useful properties of objects carrying spinor indices a, a˙ ∈ {1, 2} are listed in the ap-
pendix. The ⋆-(anti)commutators of matrix-valued Schwartz class functions f, g are defined
by
[f, g]⋆ = g ⋆ f − f ⋆ g , {f, g}⋆ = g ⋆ f + f ⋆ g , (4)
where the ⋆-product is defined by
(f ⋆ g)(x) =
∫
d4y
∫
d4k
(2π)4
f(x+1
2
θ·k) g(x+y) eik·y , (5)
with (θ·k)µ := θµνkν , k · y := kµyµ and θµν = −θνµ ∈ M4(R). We consider θµν as the
components of a translation-invariant tensor field.
The action (1) is invariant under gauge transformations
WGωˆ =
∫
d4x tr
(
Dˆµωˆ
δ
δAˆµ
− i[ˆ¯λa˙, ωˆ]⋆
δ
δ ˆ¯λa˙
− i[λˆa, ωˆ]⋆
δ
δλˆa
− i[Dˆ, ωˆ]⋆
δ
δDˆ
)
, (6)
2
observer Lorentz transformations
W Tτ =
∫
d4x tr
(
∂τ Aˆµ
δ
δAˆµ
+ ∂τ λˆ
a δ
δλˆa
+ ∂τ
ˆ¯λa˙
δ
δ ˆ¯λa˙
+ ∂τDˆ
δ
δDˆ
)
, (7)
WRαβ :=
∫
d4x tr
((1
2
{
xα, ∂βAˆµ
}
⋆
−
1
2
{
xβ , ∂αAˆµ
}
⋆
+ gµαAˆβ − gµβAˆα
) δ
δAˆµ
+
(1
2
{xα, ∂βλˆ
a}⋆ −
1
2
{xβ, ∂αλˆ
a}⋆ +
i
2
λˆbσαβ b
a
) δ
δλˆa
+
(1
2
{xα, ∂β
ˆ¯λa˙}⋆ −
1
2
{xβ, ∂α
ˆ¯λa˙}⋆ −
i
2
σ¯a˙
αβ b˙
ˆ¯λb˙
) δ
δ ˆ¯λa˙
+
(1
2
{xα, ∂βDˆ}⋆ −
1
2
{xβ, ∂αDˆ}⋆
) δ
δDˆ
)
+
(
δµαθ
ν
β − δ
µ
βθ
ν
α + δ
ν
αθ
µ
β − δ
ν
βθ
µ
α
) ∂
∂θµν
, (8)
WD :=
∫
d4x tr
((1
2
{
xδ, ∂δAˆµ
}
⋆
+ Aˆµ
) δ
δAˆµ
+
(
2Dˆ +
1
2
{xδ, ∂δDˆ}⋆
) δ
δDˆ
+
(3
2
λˆa +
1
2
{
xδ, ∂δλˆ
a
}
⋆
) δ
δλˆa
+
(3
2
ˆ¯λa˙ +
1
2
{
xδ, ∂δ
ˆ¯λa˙
}
⋆
) δ
δ ˆ¯λa˙
)
− 2θµν
∂
∂θµν
, (9)
and supersymmetry transformations8
W Sa =
∫
d4x tr
(
σµaa˙
ˆ¯λa˙
δ
δAˆµ
+
(
δbaDˆ +
1
2
σµν ba Fˆµν
) δ
δλˆb
− iσµaa˙Dˆµ
ˆ¯λa˙
δ
δDˆ
)
, (10)
W S¯a˙ =
∫
d4x tr
(
λˆaσµaa˙
δ
δAˆµ
+
(
δb˙a˙Dˆ −
1
2
σ¯µν b˙a˙Fˆµν
) δ
δ ˆ¯λb˙
− iDˆµλˆ
aσ
µ
aa˙
δ
δDˆ
)
. (11)
The partial derivative with respect to θµν has the property
∂(Uˆ ⋆ Vˆ )
∂θµν
=
∂Uˆ
∂θµν
⋆ Vˆ + Uˆ ⋆
∂Vˆ
∂θµν
+
i
2
(∂µUˆ) ⋆ (∂νVˆ ) , (12)
where the fields Aˆµ, λˆ
a, ˆ¯λa˙, Dˆ must be assumed to be independent of θ.
3 Seiberg-Witten differential equations
As in (non-supersymmetric) noncommutative Yang-Mills theory5 we derive the Seiberg-
Witten differential equations via a splitting of the observer Lorentz transformation WRαβ into
the covariant particle Lorentz transformation W˜R
φˆ;αβ
and a remaining piece W˜Rθ;αβ involving
the Seiberg-Witten differential equation:
WRαβ ≡ W˜
R
φˆ;αβ
+ W˜Rθ;αβ , (13)
W˜R
φˆ;αβ
(θµν) = 0 , (14)
[W˜R
φˆ;αβ
,WGωˆ ] =W
G
ωˆ′
αβ
, [W˜Rθ;αβ,W
G
ωˆ ] =W
G
ωˆ′′
αβ
. (15)
3
The motivation for this ansatz is the following. The commutator of an observer Lorentz
rotation (8) with a gauge transformation (6) is again a gauge transformation,
[WRαβ ,W
G
ωˆ ] = W
G
ωˆαβ
, (16)
for some infinitesimal gauge parameter ωˆαβ[ωˆ]. A particle Lorentz transformation is de-
fined as the part of an observer Lorentz transformation which does not transform the field
θµν , see (14). However, one should require that a particle Lorentz transformation trans-
forms a gauge-invariant quantity into another gauge-invariant quantity, otherwise the parti-
cle Lorentz transformation cannot be considered as well-defined5. It is sufficient to demand
(15) in order to achieve this property.
To find the sought for splitting we first apply the ansatz of ref. 5 for the Yang-Mills field
Aˆµ:
W˜R
φˆ;αβ
Aˆµ = Dˆµχˆαβ +
(1
2
{Xˆα, Fˆβµ}⋆ −
1
2
{Xˆβ, Fˆαµ}⋆ −W
R
αβ(θ
ρσ)Ωˆρσµ
)
, (17)
where Xˆµ = xµ+ θµνAˆν are the covariant coordinates
9 and Ωˆρσµ is a polynomial in covariant
quantities such as θαβ , Fˆκλ, Dˆµ1 . . . DˆµnFˆκλ, antisymmetric in ρ, σ, of power-counting dimen-
sion 3, and expresses the freedom in the splitting. In the following we set Ωˆρσµ = 0. The
parameter χˆαβ is unchanged and given by
5
χˆαβ =
1
4
{2xα + θ
ρ
α Aˆρ, Aˆβ}⋆ −
1
4
{2xβ + θ
ρ
β Aˆρ, Aˆα}⋆ . (18)
Comparing (17) with the Aˆµ-part of (8) and extending this covariantisation to the remaining
fields λˆa, ˆ¯λa˙, Dˆ we obtain from (8)
W˜R
φˆ;αβ
= WGχˆαβ +
∫
d4x tr
((1
2
{
Xˆα, Fˆβµ
}
⋆
−
1
2
{
Xˆβ, Fˆαµ
}
⋆
) δ
δAˆµ
+
(1
2
{Xˆα, Dˆβλˆ
a}⋆ −
1
2
{Xˆβ, Dˆαλˆ
a}⋆ +
i
2
λˆbσαβ b
a
) δ
δλˆa
+
(1
2
{Xˆα, Dˆβ
ˆ¯λa˙}⋆ −
1
2
{Xˆβ, Dˆα
ˆ¯λa˙}⋆ −
i
2
σ¯a˙
αβ b˙
ˆ¯λb˙
) δ
δ ˆ¯λa˙
+
(1
2
{Xˆα, DˆβDˆ}⋆ −
1
2
{Xˆβ, DˆαDˆ}⋆
) δ
δDˆ
, (19)
Now it is straightforward to evaluate
W˜Rθ;αβ =W
R
αβ − W˜
R
φˆ;αβ
= WRαβ(θ
ρσ)
d
dθρσ
, (20)
with
d
dθρσ
=
∂
∂θρσ
+
∫
d4x tr
(
dAˆµ
dθρσ
δ
δAˆµ
+
dλˆa
dθρσ
δ
δλˆa
+
dˆ¯λa˙
dθρσ
δ
δ ˆ¯λa˙
+
dDˆ
dθρσ
δ
δDˆ
)
, (21)
4
which yields the Seiberg-Witten differential equations
dAˆµ
dθρσ
= −
1
8
{
Aˆρ, ∂σAˆµ + Fˆσµ
}
⋆
+
1
8
{
Aˆσ, ∂ρAˆµ + Fˆρµ
}
⋆
, (22)
dλˆa
dθρσ
= −
1
8
{
Aˆρ, ∂σλˆ
a + Dˆσλˆ
a
}
⋆
+
1
8
{
Aˆσ, ∂ρλˆ
a + Dˆρλˆ
a
}
⋆
, (23)
dˆ¯λa˙
dθρσ
= −
1
8
{
Aˆρ, ∂σ
ˆ¯λa˙ + Dˆσ
ˆ¯λa˙
}
⋆
+
1
8
{
Aˆσ, ∂ρ
ˆ¯λa˙ + Dˆρ
ˆ¯λa˙
}
⋆
, (24)
dDˆ
dθρσ
= −
1
8
{
Aˆρ, ∂σDˆ + DˆσDˆ
}
⋆
+
1
8
{
Aˆσ, ∂ρDˆ + DˆρDˆ
}
⋆
. (25)
The differential equation (22) was first found in ref. 1.
4 θ-expansion of the action
The differential equations (22)–(25) are now taken as the starting point for a θ-expansion of
the action,
Γ(n) :=
n∑
j=0
1
j!
θρ1σ1 · · · θρjσj
( djΓ
dθρ1σ1 . . . dθρjσj
)
θ=0
. (26)
It follows from the the second identity in (15) that the θ-expansion (26) of the action (1)
is invariant under commutative gauge transformations. Using (7)–(9) one also checks the
identity
[
W {T,R,D}, θρσ
d
dθρσ
]
= 0 (27)
for super Yang-Mills theory, which means that the θ-expansion of the fields leads to a commu-
tative action invariant under commutative rotations and translations and with commutative
dilatational symmetry. The identity (27) is a consequence of the fact that θρσ d
dθρσ
is a Lorentz
scalar with respect to observer Lorentz transformations.
The θ-expansion of (1) yields an action which is not invariant under commutative su-
persymmetry transformations. Indeed, the commutator of a supersymmetry transformation
(11) and a θ-differentiation is given byb
[ d
dθρσ
,W Sa
]
= W˜G
1
8
σρ aa˙{Aˆσ ,
ˆ¯λa˙}⋆−
1
8
σσ aa˙{Aˆρ,
ˆ¯λa˙}⋆
+
∫
d4x tr
((1
4
σρ aa˙{Fˆσµ,
ˆ¯λa˙}⋆ −
1
4
σσ aa˙{Fˆρµ,
ˆ¯λa˙}⋆
) δ
δAˆµ
+
(1
4
σµν ba {Fˆµρ, Fˆνσ}⋆ +
1
4
σρ aa˙[
ˆ¯λa˙, Dˆσλˆ
b]⋆ −
1
4
σσ aa˙[
ˆ¯λa˙, Dˆρλˆ
b]⋆
) δ
δλˆb
+
(1
4
σρ aa˙[
ˆ¯λa˙, Dˆσ
ˆ¯λb˙]⋆ −
1
4
σσ aa˙[
ˆ¯λa˙, Dˆρ
ˆ¯λb˙]⋆
) δ
δ ˆ¯λb˙
bThere is of course a freedom in the differential equations (22)–(25) given by the Ω-terms in (17) and
similarly for the other fields. This freedom is not sufficient to obtain a vanishing right hand side of (28).
5
+
( i
4
σ
µ
aa˙{Fˆσµ, Dˆρ
ˆ¯λa˙}⋆ −
i
4
σ
µ
aa˙{Fˆρµ, Dˆσ
ˆ¯λa˙}⋆
+
1
4
σρ aa˙{
ˆ¯λa˙, DˆσDˆ}⋆ −
1
4
σσ aa˙{
ˆ¯λa˙, DˆρDˆ}⋆
) δ
δDˆ
, (28)
where the gauge transformation with respect to a fermionic parameter ω˜ is defined by
W˜Gω˜ =
∫
d4x tr
(
Dˆµωˆ
δ
δAˆµ
+ i{ˆ¯λa˙, ω˜}⋆
δ
δ ˆ¯λa˙
+ i{λˆa, ω˜}⋆
δ
δλˆa
− i[Dˆ, ω˜]⋆
δ
δDˆ
)
. (29)
The action (1) is invariant under the transformation (29). It follows now from (26) that the
θ-expansion of (1) is invariant under the transformation
W S,comma =
(
W Sa
)
θ=0
+
∞∑
n=1
1
n!
θρ1σ1 · · · θρnσn
([ d
dθρ1σ1
,
[
. . .
[ d
dθρnσn
,W Sa
]
. . .
]])
θ=0
, (30)
which due to [ d
dθ
,W Sa ] 6= 0 is different from the commutative supersymmetry transformation(
W Sa
)
θ=0
. In other words, the Seiberg-Witten map does not diagonalise the θ-expansion of
the noncommutative supersymmetry transformation, see also the remarks in the Introduc-
tion. The first terms of (30) read
W S,comma =
∫
d4x tr
((
σµaa˙λ¯
a˙ +
1
2
θρσσρ aa˙{Fσµ, λ¯
a˙}
) δ
δAµ
+
(1
2
θρσσρ aa˙[λ¯
a˙, Dσλ¯
b˙]
) δ
δλ¯b
+
(
δbaD +
1
2
σµν ba Fµν +
1
4
θρσσµν ba {Fµρ, Fνσ}+
1
2
θρσσρ aa˙{Fσµ, λ¯
a˙}
) δ
δλb
+
(
− iσµaa˙Dµλ¯
a˙ +
i
2
θρσσ
µ
aa˙{Fσµ, Dρλ¯
a˙}+
1
2
θρσσρ aa˙{λ¯
a˙, DσD}
) δ
δD
)
+O(θ2) .
(31)
Similar formulae exist for the anti-supersymmetry transformation W S¯a˙ . An analogous result
for U(1)-theory with general θµν has also been obtained10.
At order n = 0 in θ the expansion of (1) is obviously the standard super Yang-Mills
action
Γ(0) =
∫
d4x tr
(
−
1
4
F µνFµν + iλ
aσ
µ
aa˙Dµλ¯
a˙ +
1
2
D2
)
, (32)
where φ = φˆ|θ=0 for φ ∈ {Aµ, λ
a, λ¯a˙, D}. At first order in θ one finds
Γ(1) = Γ(0) −
1
2
∫
d4x tr
(
θρσFρσ
(
−
1
4
FµνF
µν +
i
2
λ¯a˙σ¯
µ
a˙aDµλ
a +
i
2
λaσ
µ
aa˙Dµλ¯
a˙ +
1
2
D2
)
+ θρσFµρFνσF
µν + θρσFµρ
(
iλ¯a˙σ¯µa˙aDσλ
a + iλaσµaa˙Dσλ¯
a˙
))
. (33)
The θ-expanded action (33) could be further analysed, for instance with respect to new
decay channels of supersymmetric particles—in a similar manner as investigations of models
without supersymmetry11.
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5 Remarks on the superspace formalism
The most compact way to formulate supersymmetric theories is to use the superfield formal-
ism. The above considered fields Aˆµ, λˆ
a, ˆ¯λa˙, Dˆ of super Yang-Mills theory can be regarded
as components of the superfield
φˆ = Cˆ + χˆaθa + θ¯a˙ ˆ¯χ
a˙ + θaθaMˆ + θ¯a˙θ¯
a˙ ˆ¯M
− 2θaσµaa˙θ¯
a˙Aˆµ − 2θ¯a˙
ˆ¯λa˙θaθa − 2λˆ
aθaθ¯a˙θ¯
a˙ − θaθaθ¯a˙θ¯
a˙Dˆ . (34)
The anticommuting variables θa, θ¯a˙ should not be confused with the noncommutativity pa-
rameter θµν . The Wess-Zumino gauge consists in setting the components Cˆ, χˆa, ˆ¯χa˙, Mˆ , ˆ¯M
equal to zero. One has φˆ ⋆ φˆ ⋆ φˆ = 0 in this gauge. For details about the superfield formalism
we refer to ref. 12.
Due to [ d
dθ
,W Sa ] 6= 0, see (28), a Seiberg-Witten map in terms of superfields cannot exit.
All one can do is to write the previous formulae in a more compact form, in which the super
vector field is understood to be in Wess-Zumino gauge. The gauge transformations and
observer Lorentz transformations can be written in the compact form
WGωˆ =
∫
d4x
(
− 2θaσµaa˙θ¯
a˙∂µωˆ − i[φˆ, ωˆ]⋆)
) δ
δφˆ
, (35)
W Tτ :=
∫
d4x tr
(
∂τ φˆ
δ
δφˆ
)
, (36)
WRαβ :=
∫
d4x tr
((1
2
{
xα, ∂βφˆ
}
⋆
−
1
2
{
xβ , ∂αφˆ
}
⋆
+ Σαβφˆ
) δ
δφˆ
)
+
(
δµαθ
ν
β − δ
µ
βθ
ν
α + δ
ν
αθ
µ
β − δ
ν
βθ
µ
α
) ∂
∂θµν
, (37)
WD =
∫
d4x tr
(1
2
{
xδ, ∂δφˆ
}
⋆
δ
δφˆ
)
− 2θµν
∂
∂θµν
. (38)
Here Σαβ = −
i
2
θaσαβ a
b ∂
∂θb
+ i
2
θ¯a˙σ¯
a˙
αβ b˙
∂
∂θ¯
b˙
is the spin operator for the superfield. The covariant
particle Lorentz rotation reads
W˜R
φˆ;αβ
:= WGχˆαβ +
∫
d4x tr
((1
2
{
Xˆα, Fˆβ
}
⋆
−
1
2
{
Xˆβ, Fˆα
}
⋆
+ Σαβ
(
φˆ+ 2θaσµaa˙θ¯
a˙Aˆµ
)) δ
δφˆ
)
,
(39)
where χˆαβ is given by (18) and
Fˆσ := ∂σφˆ+ 2θ
aσ
µ
aa˙θ¯
a˙∂µAˆσ − i[Aˆσ, φˆ]⋆ . (40)
This object, resembling the usual field strength tensor Fµν , transforms covariantly under su-
pergauge transformations (35). The calculation of the Seiberg-Witten expansion is straight-
forward and yields
dφˆ
dθρσ
= −
1
8
{
Aˆρ, ∂σφˆ+ Fˆσ
}
⋆
+
1
8
{
Aˆσ, ∂ρφˆ+ Fˆρ
}
⋆
. (41)
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6 Conclusion
Following previous ideas5,13 we have derived the Seiberg-Witten map for noncommutative
super Yang-Mills theory in Wess-Zumino gauge via the splitting of the observer Lorentz
transformation into a covariant particle Lorentz transformation and a remainder, which
directly leads to the Seiberg-Witten differential equations. We have also computed the θ-
expansion of the noncommutative super Yang-Mills action, up to first order in θ. Each
θ-order of the action is individually invariant under commutative gauge transformations. In
contrast, the θ-expansion of the supersymmetry transformation differs from the commutative
supersymmetry transformations by terms of order n ≥ 1 in θ. For this reason the Seiberg-
Witten map cannot be expressed in terms of superfields.
A Useful formulae
Spinor indices a, a˙ ∈ {1, 2} are shifted by the antisymmetric metric εab = −εba, εa˙b˙ = −εb˙a˙
according to
χa = εabχ
b , χ¯a˙ = εa˙b˙χ¯b˙ . (A.1)
Note that spinors are anticommuting,
χaηa = −χaη
a = ηaχa = −ηaχ
a , χ¯a˙η¯
a˙ = −χ¯a˙η¯a˙ = η¯a˙χ¯
a˙ = −χ¯a˙η¯a˙ . (A.2)
The 2×2 σ-matrices are given by
σ
µ
aa˙ =
(
1, ~σ
)
aa˙
, σ¯µ a˙a =
(
1,−~σ
)a˙a
, σ
µ
aa˙ = σ¯
µ
a˙a , (A.3)
where ~σ denotes the three Pauli matrices. The σ-matrices satisfy
σ
µ
aa˙σ¯
ν a˙b = gµνδ ba − iσ
µν b
a , (A.4)
σ¯µ a˙aσν
ab˙
= gµνδa˙
b˙
− iσ¯µν a˙b˙ , (A.5)
σ
µ
aa˙σ¯
ν a˙bσ
ρ
bb˙
= gµνσρ
ab˙
+ gνρσµ
ab˙
− gρµσν
ab˙
− iǫµνρλσλ ab˙ , (A.6)
σ¯µ a˙aσν
ab˙
σ¯ρ b˙b = gµνσ¯ρ a˙b + gνρσ¯µ a˙b − gρµσ¯ν a˙b + iǫµνρλσ¯a˙bλ , (A.7)
σ
µ
aa˙σµ bb˙ = 2εabεa˙b˙ , (A.8)
with σµν ba = −σ
νµ b
a and σ¯
µν a˙
b˙ = −σ¯
νµ a˙
b˙.
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